We investigate the hyperon-nucleon interactions in the QCD sum rule starting from the nucleon matrix element of the hyperon correlation function. Through the dispersion relation, the correlation function in the operator product expansion (OPE) is related with its integral over the physical energy region. 2
smaller than the spin-independent part in the Y N and N N channels. The results of the sum rules are compared with those of the phenomenological meson-exchange models.
I. INTRODUCTION
One of the most important goals of studying strong interaction physics is to understand the behaviour of hadrons and hadronic interactions on the basis of the quantum-chromodynamics (QCD). One of the powerful tools for this purpose is the QCD sum rule proposed by Shifman, Vainshtein and Zakharov [1] . Using the method of the QCD sum rule one can obtain relations between the properties of hadrons and the vacuum matrix elements of the quark-gluon composite operators [1, 2] .
The idea of the QCD sum rule has been extended to the investigation of hadronic interactions [3] [4] [5] [6] [7] . In particular, in Ref. [7] the present authors have formulated the QCD sum rules for spin-dependent nucleon-nucleon interactions and have studied their physical implications. The basic object of the study in the work has been the nucleon matrix element of the correlation function of the nucleon interpolating field. In the deep Euclidean region the correlation function is expressed in terms of the nucleon matrix elements of the quark-gluon composite operators using the operator product expansion (OPE), which is related with its integral over the physical region by means of the dispersion relation. The dispersion integral of the correlation function around the nucleon threshold has been investigated in detail.
It has turned out that the integral can be identified as a measure of the nucleon-nucleon interaction strength, which is proportional to the scattering length in the small scattering length limit and to the one half of the effective range in the large scattering length limit.
The obtained sum rules relate the nucleon-nucleon interaction strengths with the nucleon matrix elements of the quark-gluon composite operators. The sum rules tell us that the interaction strength in the spin-singlet channel is weaker than in the spin-triplet channel, but that the spin-dependent part of the interaction strength is considerably smaller than the spin-independent part. Experimentally, it has been found that there is a loosely bound state, deuteron, in the spin-triplet channel, while there is an almost bound state in the spin-singlet channel, which implies that the interaction is slightly stronger in the spin-triplet channel than in the spin-singlet channel. This is consistent with the result of sum rules.
It is straightforward to apply the method of Ref. [7] to hyperon-nucleon channels just by replacing the nucleon interpolating field by the hyperon interpolating field. The purpose of the present paper is to carry out this procedure. Physically, it is extremely important to understand the various hyperon-nucleon and nucleon-nucleon interactions simultaneously in order to achieve a unified view of hadronic interactions. It is also important in the application to hypernuclear physics since hyperon-nucleon interactions are exprimentally not well known. The paper is organized as follows. In Sec. II, we review the formalism in the hyperon-nucleon (Y N) channel for the sake of completeness. In Sec. III, we calculate the Wilson coefficients of the OPE for the hyperon correlation function and explain how the nucleon matrix elements of the quark-gluon composite operators are determined. The obtained sum rules for the hyperon-nucleon interaction strengths are presented and discussed in Sec. IV. Finally, we summarize the paper in Sec. V.
II. PHISICAL CONTENTS OF CORRELATION FUNCTIONS
We first consider the spin-dependent hyperon correlation function, Π(qps),
where |ps is the one-nucleon state with momentump and spin s (p 2 = M 2 N , s 2 = −1 and ps = 0, where M N is the nucleon mass) normalized as ps|p
is the normalized hyperon field operator. In this paper, momentum withˆrepresents the on-shell momentum. Later, the normalized nucleon field, ψ, is replaced by the unnormalized hyperon interpolating field (quark-gluon composite field), η. The following discussion, however, holds as it is for the interpolating field, except for the normalization. Naively, the dispersion relation for the correlation function, Π(qps), is written as
where q ′ = (q ′ 0 , q). Throughout this paper, whenever we take the imaginary part of a quantity, we approach the real energy axis from above in the complex energy plane. Therefore, strictly speaking, ImΠ is the imaginary part of the retarded correlation function. The QCD sum rules are obtained by evaluating the left-hand side of Eq. (1) by the OPE and expressing the right-hand side in terms of physical quantities.
Let us consider the singularities of Π(qps) as functions of q 0 . In the complex q 0 plane, Π(qps) has a branch cut from the lowest B = 2 continuum threshold to the right and another branch cut starting from the lowest B = 0 continuum threshold to the left where B denotes the baryon number. Π(qps) has second-order poles at q 0 = ± q 2 + M 2 ≡ ±E q , where M denotes the hyperon mass. In addition, the coefficient of the pole at q 0 = E q is the Y N T-matrices T + :
where u(qr) is a positive energy solution of the free Dirac equation for the hyperon.
In order to take out the pole contribution from ImΠ(qps) it is convenient to define offshell Y N T-matrices by
Note that Eq. (2) is just a definition of the T-matrix off the mass shell, but the LSZ reduction formula shows rigorously that it is the T-matrix on the mass shell.
In order to eliminate the pole contribution at q 0 = −E q from the correlation function, we introduce the projection operators Λ + by
which have the properties
Then we define the projected correlation functions by
The projected correlation functions are related to the off-shell T-matrices as
where T + (qrps) ≡ T + (qrps; qrps). Clearly, Π + (qrps) has a second-order pole at q 0 = E q but not at q 0 = −E q .
We next consider the dispersion relation for
Symmetrizing Eq. (4) we obtain
where
Applying the Borel transformation,
to both sides of Eq. (5), we obtain
where M B is the Borel mass. In order to derive the Borel sum rules we must evaluate the left-hand side by the OPE and parameterize the right-hand side in terms of physical quantities.
We study the behaviour of the two terms on the left-hand side in Eq. (6) . For this purpose it is important to note that the off-shell optical theorem holds for T . When the center-of-mass energy is above the threshold of the Y N channel and below the threshold of the next channel, only the Y N states contribute in the intermediate states, and the off-shell optical theorem is simplified as
In order to simplify the notation we introduce the scattering amplitude f by
where µ =
. Moreover, we go to the center-of-mass frame (q + p = q ′ +p ′ = 0) and restrict ourselves to the s-wave. We define the off-shell scattering amplitudes as
and find that the off-shell scattering amplitude, f (k), has the form
where a is the scattering length. It should be noted thatr is different from the effective range r, butr coincides with r in the limit a → ∞:
We proceed to the integral of the right-hand side of Eq. (7), I, in the vicinity of q 0 = M,
The integral, I, can be decomposed as
In Eq. (9), the first term, I t , is the threshold contribution, given by
The second term, I c , is the continuum contribution, given by
The last term, I b , is the bound-state contribution, which has to be taken into account if there is a bound state, given by
where Imf
where κ = ik and iκ 0 is the pole momentum, 1/f 2 (iκ 0 ) = 0.
By performing the integral, the continuum contribution becomes
which is simplified in two limits of a as
Similarly, the bound-state contribution becomes
and the bound-state contribution is simplified as
Let us suppose that one can freely change the interaction strength of hyperon-nucleon and examine how the integral I should change as a function the interaction strength. When the interaction is weak, the scattering length is also small, and the integral I is dominated by I t :
As the interaction becomes stronger, the scattering length increases and the integral, I, also increases. As the interaction strength increases further, the scattering length eventually diverges when the bound state is just formed. Just before the bound state is formed, the integral I becomes
and just after the bound state is formed, it becomes
This shows that before and after the bound state is formed the integral is continuous, though the scattering length diverges with opposite signs. This observation leads us to conjecture that the integral around the threshold is a measure of the Y N interaction strength.
Here we study the integral in a solvable case, namely the separable potential model:
We obtain
We find that the integral I is proportional to the potential strength α if the range parameter β is fixed.
Based on this conjecture we define the Y N interaction strength, v, by
In the dispersion integral, the imaginary part of the correlation function, ImΠ + , contains the contribution from all possible intermediate states such as those of the Y N, Y Nπ channels and so on. However, only the Y N channel contributes around the threshold. We assume that the contribution from the Y N state is taken into account by the form of the right-hand side of Eq. (10) and that the rest is approximated by an asymptotic form of the correlation function starting from an effective threshold, ω + , for the B = 2 channels other than the Y N channel and ω − for the B = 0 channels:
where Π OP E + is the asymptotic form of the correlation function in the OPE and the normalization constant λ is explicitly included ( 0|η(0)|qs = λu(qs)). This is possible now because the contribution from states other than those of the Y N channel is exponentially suppressed compared to the Y N contribution.
III. OPE OF CORRELATION FUNCTIONS
Let us turn to the OPE. We take the interpolating fields of hyperons [8] as
for the Λ and
for the other hyperons where We take into account all the operators of dimension less than or equal to four. We also include four-quark operators of dimension six, since four-quark operators are known to give the largest contribution among higher order operators in the QCD sum rule for the nucleon mass [2, 14] . The OPE of the correlation functions are given as
for Λ and
for other hyperons where the matrix elements can be taken with any state. The vacuum-tovacuum and nucleon-to-nucleon correlation functions, Π We now discuss the nucleon matrix elements of the quark-gluon operators. Dimensionthree operators are quark bilinear operators,qq,qγ µ q,qγ µ γ 5 q andqγ 5 σ µν q. The nucleon matrix elements,N and qγ µ q N , are spin-independent and have already been discussed in Ref. [9] , while qγ µ γ 5 q N and qγ 5 σ µν q N are spin-dependent and are written in terms of the axial charge, ∆q, and the tensor charge, δq, as
For the vector and scalar charges, we take, 
The matrix elements of the spin-independent operators, S[qγ µ iD ν q], have also been discussed in Ref. [14] i
On the other hand, the matrix elements of the operator,qS(γ µ iD ν )γ 5 q, is spin-dependent and is expressed as
where a 1 is related to the first moment of the longitudinal quark-spin distribution, g 2 , if
operators including the quark mass are neglected, which is given at the tree-level by [15] 
Using this expression we have calculated a 1 from g 2 . Experimental data for g 2 are given in Ref. [16] over the range 0.075 < x < 0.8 and 1.3 < Q 2 < 10 ((GeV/c) 2 ) for the proton and in Ref. [17] over the range 0.06 < x < 0.70 and 1.0 < Q 2 < 17.0 ((GeV/c) 2 ) for the neutron.
The results are as follows: The dimension-six four-quark operators are,qqqγ µ q,qqqγ µ γ 5 q andqqqγ 5 σ µν q. The nucleon matrix elements of the four-quark operators are approximated to factorize [7] asN = 20N ,
which can be evaluated from the vacuum and nucleon matrix elements of dimension-three quark operators.
For completeness we also list here the values of vacuum condensates and quark masses
IV. RESULTS
The OPE of the projected correlation function, Π
OP E +
, for the Λ or other hyperons is given by substituting Eq. (12) and Eq. (13), respectively into the right-hand side of Eq. (3). Then, substituting Π
into the left-hand side of Eq. (7), and Eq. (11) into the the right-hand side of Eq. (7), respectively, we obtain the Borel sum rules for hyperon-nucleon interaction strengths. The sum rule for the spin-independent part is
for other hyperon-nucleon channels. C 1 , C 2 and C 3 are given by
where Φ is the error function.
From the vacuum-to-vacuum correlation function we obtain the Borel sum rule for the normalization constant λ 2 as [2,8]
for other hyperons. D 1 and D 2 are expressed by the effective threshold, ω 0 , as
Dividing Eq. (14) (Eq. (16)) and Eq. (15) (Eq. (17)) by Eq. (18) and Eq. (19) , respectively, we finally obtain the sum rules for the spin-independent (spin-dependent) part of the hyperonnucleon interaction strengths.
quark operators appear in addition. It is interesting that the ratio of different flavor contributions is the same for the scalar and tensor charges in all Y N and NN channels. If the proton matrix elements of the up, down and strange quark operators are the same, all Y N interaction strengths coincide, which holds even if higher order terms of the OPE are included. It should be noted, however, that this is not the SU(3) limit. Even in the SU (3) limit the proton matrix elements of quark operators with different flavors are different in general.
Inserting the numerical values for the matrix elements we find that the spin-dependent interaction strength is considerably smaller than the spin-dependent interaction strength in each channel. This is because the absolute values of the axial and tensor charges are considerably smaller than the vector and scalar charges except for the strange vector charge, which identically vanishes. Also found is that both the spin-independent and spin-dependent Let us now discuss the results including all the operators up to dimension 4 and the dimension 6 four-quark operators. Up to now we have not explained how to determine ω 0 , ω + and ω − . They are determined by the Borel stability analysis, i.e. , so that the calculated interaction strength has the most stable plateau as a function of the Borel mass squared. We constrain ω − to be greater than ω 0 since we expect the projection reduces the continuum contribution in the negative low energy region. Also, we take ω + to be equal to ω 0 for simplicity. The interaction strength, however, is not sensitive to the choice of ω + . Even if we take |ω 0 − ω + | = 0.5 GeV, the interaction strength changes only less than 3%. Fig. 1 shows the calculated interaction strength as a function of the Borel mass. The upper and lower curves beyond M 2 B = 1.2 GeV 2 correspond to the spin-independent and spin-dependent interaction strengths, respectively. There appears a stale plateau above
all channels. The prediction of the Borel sum rule is determined by taking the value in the region of the plateau. The optimal value of the continuum threshold, ω + , in the Σ − p channel is much different from those in other channels. However, even if we take ω + in the Σ + p channel to be the same as in the Σ − p channel, the difference in the interaction strength is less than 10% for M 2 B = 1.0 ∼ 2.0 GeV 2 . Fig. 2 shows the calculated interaction strengths without including the continuum. From Fig. 1 and Fig. 2 we find that the contribution of the continuum is rather small.
Comparing the results in the leading order of the OPE and those including the higher order terms we find that the contribution of the higher order terms makes the strength decrease in the ΣN channel but increase in the ΞN channel, relative to the strength in the ΛN channel, so that the Σ + p strength becomes smaller than the Ξ 0 p strength. We see that the spin-independent interaction strength in the NN channel is greater than those in the Y N channels, which is similar to the results in the leading order. We should, however, keep in mind uncertainties in the matrix elements and the continuum contributions and therefore conclude at the moment that the strengths in the np, Λp and Ξ 0 p channels are similar. The strengths are smaller in the Σp and Ξ − p channels than in other three channels. Furthermore, the Σ − p interaction is the weakest in all the hyperon-proton interactions.
Comparing the spin-independent part with the spin-dependent part we find that the spin-dependent interaction is much smaller than the spin-independent interaction in each channel. The interaction strengths in the Σ + p and Ξ − p channels have an opposite sign to the interaction strengths in other channels. The spin-singlet interaction is greater than the spin-triplet one in the Σ + p and Ξ − p channels but the relation is opposite in other channels.
Up to now we have discussed the results of sum rules identifying them as interaction strengths because interaction strengths are convenient for comparing different hyperonnucleon and nucleon-nucleon channels. Now, we want to compare our results with those of phenomenological meson-exchange models. For this purpose, scattering lengths are more convenient. Therefore, from now on we identify our results as scattering lengths ignoring O(a 2 ) differences. and the strange quark mass lies in the range between 100 MeV and 200 MeV. The total error due to these uncertainties is about 15%. The errors of the scattering lenghts due to the uncertainties of all these input parameters are shown in Table I . Even though we did not include in the errors of Table I , we also estimated errors due to effective continuum thresholds which change a Y N roughly by ±1 fm. Table II shows the scattering lengths calculated in the Nijmegen meson-exchange models, NSC97a-f [19] . Comparing Table I and Table II [20] in which the triplet scattering length is a little greater than the singlet one [21] . Even though this is not conclusive, this at least tells us that one must be careful when one extracts information on the hyperon-nucleon interaction from observed hypernuclear states. channels than in other channels and also that the Σ − p channel has the weakest interaction in all channels. Also found is that the spin-dependent strength is smaller than the spinindependent strength in all channels. The spin-dependence in the Σ + p and Ξ − p channels is oposite to other channels. The results are compared with those of the phenomenological meson-exchange models. The results of the sum rules and the meson-exchange models have some common tendencies. They are, however, different in some other respects.
In the present paper we have ignored the coupling of different hyperon-nucleon and hyperon-hyperon channels such as ΛN-ΣN and ΞN-ΣΣ-ΛΛ. One might be able to formulate the sum rule for the transition, ΛN → ΣN, by considering the time-ordered product of the sigma field and the lambda field, which is an interesting extension of the present approach.
Another interesting possibility is to study hyperon matrix elements of the quark-gluon composite operators by means of the sum rule. This would be done by constructing sum rule starting from the hyperon matrix element of the nucleon correlation function and relating the obtained hyperon-nucleon interaction strengths with the ones in the present paper.
These applications would provide us with important new information about hyperon-nucleon interactions and hyperon structures. 
TABLES

